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LOGARITHMIC COMPACTIFICATION OF THE ABEL–JACOBI SECTION
STEFFEN MARCUS AND JONATHAN WISE
Abstract. Given a smooth curve with weighted marked points, the Abel–Jacboi map produces a line
bundle on the curve. This map fails to extend to the full boundary of the moduli space of stable pointed
curves. Using logarithmic and tropical geometry, we describe a modular modification of the moduli space
of curves over which the Abel–Jacobi map extends. We also describe the attendant deformation theory
and virtual fundamental class of this moduli space. This recovers the double ramification cycle, as well as
variants associated to differentials.
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1. Introduction
Let C be a smooth curve containing distinct marked points x1, . . . , xn. For any vector a = (a1, . . . , an)
of integers, we obtain a line bundle OC(
∑
aixi) on C. This construction behaves well in families, and gives
a section
Mg,n → Picg,n
where Picg,n is the universal Picard stack of multidegree 0 line bundles over Mg,n. We call this map the
Abel–Jacobi section.
This section fails to extend over Mg,n. As we will recall in Section 2.1, it does extend to compact type
(and even a bit further, though we do not discuss this), but we demonstrate by example in Section 2.2 that
it does not extend near a point corresponding to a curve with two components joined at two nodes.
Our main contribution is the observation that, in compact type, the integer weighting a on the marked
points of a stable curve C corresponds to an equivalence class of piecewise linear functions on the tropical-
ization of C. In Sections 4.1 and 4.2 we construct a moduli space Divg,a essentially parameterizing stable
curves with the choice of such a function, and we explain how this additional datum produces a line bundle
on C.
Theorem A. The Abel–Jacobi section extends to a closed embedding aj : Divg,a → Picg,n over Mg,n.
Theorem A is proven in Section 4.2 where it appears as Theorem 4.11. In Section 4.5, we show that
Divg,a is logarithmically e´tale over Mg,n, from which it follows that Divg,a has a logarithmic perfect
relative obstruction theory and hence a virtual fundamental class:
Theorem B. The Abel–Jacobi section has a logarithmic perfect relative obstruction theory whose obstruction
bundle has fiber H1(C,OC) over a geometric point classifying a curve C.
This work grew out of an attempt to understand the moduli space of stable maps from curves to so-called
“rubber” targets and its virtual fundamental class, and generalizes our earlier work on that problem over
the rational tails locus [CMW12] and compact type locus [MW13]. This space parameterizes maps from
prestable curves into unparameterized rational targets. It was compactified, and equipped with a virtual
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fundamental class, by Graber and Vakil [GV05], based on earlier work of Li [Li01, Li02], by expanding the
rational target in families.
Section 5 is devoted to comparing our approach to Graber and Vakil’s. We define Rubg,a to be the
subfunctor of Divg,a parameterizing those piecewise linear functions on tropicalizations of prestable curves
whose values are totally ordered in a naturally defined partial order.
Theorem C. The stack Rubg,a is a logarithmic modification of Divg,a and its base change under the trivial
section of Picg,n over Mg,n is the moduli space of stable maps to rubber targets. Under this identification,
the virtual fundamental classes coincide.
Both Rubg,a and Divg,a resolve the indeterminacy of the Abel–Jacobi section, but Divg,a is the more
efficient of the two, requiring less modification of Mg,n.
The Abel–Jacobi map, as opposed to the Abel–Jacobi section, sometimes refers to the mapMg,a → Picg,
that takes in a smooth curve of genus g with n distinct, weighted markings and outputs the associated
line bundle, but forgets the location of the markings. Unlike the Abel–Jacobi section that is the focus of
this paper, this Abel–Jacobi map is usually not an embedding. Our methods, along with some technical
bookkeeping, also resolve the indeterminacy of the Abel–Jacobi map, as we indicate in Section 4.6. It would
be very interesting to analyze the fibers of this map; we hope to return to this in a future paper.
Related work. This paper replaces our preprint [MW13], which defined closely related moduli spaces
but lacked the logarithmic and tropical perspectives employed here, and claimed weaker results. In the
intervening years, several others have achieved similar results, also using logarithmic methods [Gue´16, CC16,
Hol17]. We feel that the tropical perspective we employ is natural, and likely to be useful elsewhere (see, for
example, [RSPW17]).
Conventions and notation. Unless otherwise specified, we always work in the logarithmic category, so
TX and ΩX denote the logarithmic tangent and cotangent bundles of a logarithmic scheme X . We write X
for the underlying scheme of a logarithmic scheme, so TX and ΩX denote the tangent and cotangent sheaves
of the scheme underlying X .
We useMg,n for the moduli space of smooth curves with n distinct markings (2g− 2+n > 0), andMg,n
for the Deligne–Mumford–Knudsen compactification. When we want to consider Mg,n as a logarithmic
scheme, we write Mlogg,n, since it is also the moduli space of stable logarithmic curves. We use a fraktur M
for prestable variants.
Acknowledgements. This work has benefited from helpful and encouraging conversation with both Gabriele
Mondello and Dhruv Ranganathan. J.W. was partially supported by NSA grants H98230-14-1-0107 and
H98230-16-1-0329.
2. The naive Abel–Jacobi map
We begin by describing the Abel-Jacobi section over the locus of compact type curves. This section is not
logically necessary for what follows, and may be omitted.
2.1. Compact type.
Definition 2.1. Let ctDivg be the space of tuples (C,x, a) consisting of a pre-stable, compact type curve
π : C → S of genus g, marked sections x1, . . . , xn of C over S, and a vector a = (a1, . . . , an) of integer
weights. We decorate ctDiv with subscripts and superscripts to fix combinatorial data: ctDiv0g is the open
and closed substack where
∑
ai = 0 and
ctDivg,a is the open and closed substack where the vector a has
been fixed.
Note that ctDivg,a is isomorphic to the stack
ctMg,n of n-marked, pre-stable, compact type curves.
Definition 2.2. We denote by Picg,n the stack whose S-points are pairs (C,x, L) where (C,x) is a family
of n-marked, pre-stable curves C of genus g, and L is a section of π∗(BGmC)/BGmS . We write
ctPicg,n for
the open substack of Picg,n where C is of compact type, and we denote by Pic
0 the open substack in which
L has degree zero on every component of the fibers of C. Naturally, ctPic0g,n stands for the conjunction of
these conditions.
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We construct a map ctDiv0g,a →
ctPic0g,n. Suppose that (C,x) is an S-point of
ctDivg,a. We must give a
line bundle on C, well defined up to tensoring by a line bundle pulled back from S. Since ctDivg,a is smooth,
it is sufficient to treat the case where S is smooth and the family C is a versal deformation of its fibers. In
particular, C is smooth in this case.
It is also sufficient to work in an e´tale neighborhood of each geometric point of S, so we fix one and call
it s. We may therefore assume that the boundary of S is a simple normal crossings divisor and that all of
its components contain s. Each of these components Dj of the boundary of S corresponds to an edge in the
dual graph of Cs. Since Cs is of compact type, removing this edge will disconnect the dual graph. The two
components correspond locally in S to divisors in the total space of C, so that after further e´tale localization
around s, we can assume that there are divisors Cj and C
′
j such that τ
−1π−1Dj = Cj + C
′
j .
Now there is a choice of integers bj and b
′
j such that the line bundle L = OC(
∑
aixi +
∑
bjCj +
∑
b′jC
′
j)
has degree zero on every component of Cs. The line bundle L will continue to have degree zero on every
component of Ct for every t in an open neighborhood of s, so after replacing S by this open neighborhood,
we obtain an object of ctPic0g,n. Moreover, the construction of L is unique up to replacing bj and b
′
j to bj + c
and b′j + c. This has the effect of twisting L by cDj , which defines the same object of
ctPic0g,n. It follows
that our construction is independent of further localization and glues to a map ctDiv0g →
ctPic0g,n.
There is a twisted variant of this construction taking values in ctPic2g−2g,n . Let
ctDivcang be the collection
of (C,X, a) ∈ ctDivg such that
∑
ai = 2g−2. Then, as above, there is a unique way of twisting OC(
∑
aixi)
so that it has degree 2h − 2 +m on each irreducible component of C with genus h and m special points.
This gives a map ctDivcang → Pic
2g−2
g,n .
Remark 2.3. We emphasize that our Abel–Jacobi map retains the configuration of the marked points, and
is therefore injective on ctDivg,a for any fixed a of total weight zero. One can, of course, subsequently forget
the marked points, which vary in a proper family.
Theorem 2.4. The map ctDiv0g,a →
ctPic0g,n satsifies the valuative criterion for properness. It is therefore
a closed embedding.
Proof. We note first that ctDiv0g,a →
ctPic0g,n is a monomorphism. Indeed, let
ctMg,n be the stack of
n-marked, pre-stable, compact type curves and observe that the composition
ctDivg,a →
ctPic0g,n →
ctMg,n
is an isomorphism, where the second morphism simply forgets the line bundle. It will therefore be sufficient
to demonstrate the existence part of the valuative criterion for properness.
We prove that a diagram (2.1) has a lift whenever T is the spectrum of a valuation ring and S is its
generic point.
(2.1)
S //

ctDiv0g,a

T
<<
②
②
②
②
②
// ctPic0g,n
Let CT be the family of curves on T and x = (x1, . . . , xn) its family of marked points, and let CS be its
restriction to S. We have a line bundle L on CT from the map to
ctPic0g,n and a line bundleM = OCT (
∑
aixi)
from the marked points. Now, L⊗M∨ is a line bundle on CT whose restriction to CS is trivial. Therefore
L ⊗M∨ is representable by a Cartier divisor D of CT supported on the special fiber. Then M(D) ≃ L so
M(D) must be the unique twist of M that has degree zero on all components of the special fiber. That is,
M(D) ≃ L is the image of (CT ,x, a) in
ctPic0g,n. This proves the existence part of the valuative criterion. 
It will be important later to consider multidegrees other than 0, so we emphasize here that the same proof
would show that if L had a different multidegree, there would be a unique twist of M by a Cartier divisor
supported in the special fiber that recovers L. It seems difficult to formulate Theorem 2.1 in a global way
for other multidegrees using the terminology of this section. Later on, the more general version will fall out
naturally from the formulation in terms of logarithmic geometry.
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p
p′
p′
E
p
D
q
r
C
S
t = 0
xy = αt
zw = βt
x = 0 y = 0
z = 0 w = 0
C0
Figure 1. A family of curves deforming to a singular special fiber C0 consisting of two
components meeting at two distinct nodes.
Definition 2.5. Given a family of compact type curves C over S and a line bundle L of multidegree 0 on C,
let ctDiv0g(C,L) be the locus in
ctDiv0g(C) where OC(
∑
aixi) ≃ L. Similarly, if L has canonical multidegree,
define ctDivcang (C,L) to be the locus in
ctDiv0g(C,L) to be the locus in
ctDivcang (C) where OC(
∑
aixi) ≃ L.
The following statement follows immediately from the definitions, and is included for the sake of compar-
ison to the logarithmic results that follow.
Theorem 2.6. There are cartesian diagrams:
ctDiv0g,a(C,L) //

S
(C,L)

ctDiv0g,a
// ctPic0g
ctDivcang,a (C,L) //

S
(C,L)

ctDivcang,a
// ctPic2g−2g
In particular, let S = ctMg,n, let C be its universal curve, let L be its structure sheaf, and let a be a
vector of total weight zero. Then let DRg,a be the homology class of
ctDiv
0
g,a(C,L) in
ctMg,n under the
horizontal projection (which is a closed embedding). We will see later that this coincides with the double
ramification cycle as defined via stable maps.
2.2. Indeterminacy of the Abel–Jacobi map. In this section we will useD0g,a to denote a na¨ıve extension
of ctDiv0g,a out of the compact-type locus, which is to say the moduli space of pre-stable marked curves with
integral weights summing to zero. We will see momentarily that this definition is not suitable for defining
an Abel–Jacobi map, and we correct it in Section 4.
The Abel–Jacobi map becomes indeterminate outside of the compact type locus. There are two sorts
of problems that can occur. The first, and perhaps more familiar, is when a divisor of total degree zero
degenerates so that the degree is not zero on every component, and this defect cannot be corrected because
of the topology of the dual graph (see Figure 2.2).
Twisting by one of the components will change the degree on each of the two components of the special
fiber by an even number. If we assign odd weights k and −k to p and p′ then, since the degree ofOC0(kp−kp
′)
is odd, no twist can achieve zero degree on both components. However, this is really a defect of Pic0 — the
line bundle with degree zero on the general fiber has no limit on the special fiber that has degree zero on
both components — and is not our concern in this paper. This defect is corrected by the logarithmic Picard
group, whose study we will undertake elsewhere.
More serious, at least for our present concerns, is the case where there is a limiting line bundle of degree
zero, but this line bundle depends on the choice of the degenerating family. The divisor kp − kp′ on the
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special fiber clearly depends only on the location of p and p′ on the special fiber, and not on the family, so
the Abel–Jacobi section must become indeterminate at such a point. Indeed, assuming that k = 2ℓ is even,
we can twist by ℓD to get a line bundle of degree zero on the total space. However, we shall demonstrate
below that if ℓ 6= 0 then twisting by ℓD changes the gluing data at the two nodes in a manner depending
on the rates of smoothing of the two nodes. The upshot here is that we cannot have a well-defined map
D0g,a → Pic
0
g,n on curves of the sort illustrated in Figure 2.2 unless we modify D
0
g,a to include additional
data that can resolve the indeterminacy.
We explain precisely how this indeterminacy arises in the example above. Let L = OC(ℓp− ℓp
′). A line
bundle on C0 can be specified by giving a line bundle L
′
D on D, a line bundle L
′
E on E, and isomorphisms
L′D
∣∣
q
≃ L′E
∣∣
q
and L′D
∣∣
r
≃ L′E
∣∣
r
. We work out these gluing isomorphisms when L′ = L(ℓD). See Figure 2.2
for notation.
Set LD = L
∣∣
D
and LE = L
∣∣
E
. We certainly have LD
∣∣
q
= LE
∣∣
q
and LD
∣∣
r
= LE
∣∣
r
. We set L′D =
LD(−ℓq − ℓr) and L
′
E = LE(ℓq + ℓr). The gluing isomorphism is:
L′D
∣∣
q
= LD(−ℓq)
∣∣
q
= L(−ℓE)
∣∣
q
∼
−−→
t−ℓ
L(ℓD) = LD(ℓq)
∣∣
q
= L′E
∣∣
q
A local generator λxℓ for L′D
∣∣
q
is carried under this isomorphism to t−ℓλxℓ = λαℓy−ℓ since xy = αt near q.
Therefore changing the smoothing parameter α at q has the effect of scaling the gluing parameter by αℓ.
A similar calculation near R shows that the gluing parameter for L′ is that of L scaled by βℓ. Now, an
adjustment to the ratio between these gluing parameters changes the isomorphism class of L′. Therefore, if
ℓ 6= 0, then L′ depends on the relative rate of smoothing of the nodes q and r.
This calculation also illustrates how to resolve the indeterminacy, at least in this example: we should
blow up Dg,a at the intersection of the boundary divisors corresponding to Q and R; this will introduce a
coordinate that keeps track of the ratio between α and β. We will see below that the space of logarithmic
divisors of C performs precisely this blowup.
3. Review of logarithmic geometry
3.1. Logarithmic structures. We refer the reader to [Kat89] and recall only enough to set up notation
here.
A logarithmic structure on a scheme S is an e´tale sheaf of monoids MS and a sharp homomorphism
ε :MS → OS , where the target is given its multiplicative monoid structure. We write the monoid structure
on MS multiplicatively. Since ε : MS → OS is sharp, it has an inverse on the units ε
−1 : O∗S → MS. We
define MS =MS/ε
−1(O∗S) and call it the characteristic monoid of the logarithmic structure. We notate the
monoid structure of MS additively.
We prefer a slightly more permissive definition of a chart, and therefore of quasicoherence, than does
Kato [Kat89, Section 2.1]:
Definition 3.1. A chart for a logarithmic structure M on X is a monoid P and a homomorphism P →
Γ(X,MX) such that MX is the initial example of a logarithmic structure on X admitting such a map. A
logarithmic structure is called quasicoherent if it has charts e´tale-locally.
Our charts are equivalent to Kato’s when P is finitely generated, and therefore our coherent logarithmic
structures coincide with Kato’s, although our quasicoherent logarithmic structures are more inclusive. Almost
all logarithmic structures in this paper will be quasicoherent, and in fact coherent. However, we need non-
coherent logarithmic structures for the valuative criterion for properness proved in Section 3.4.
All logarithmic structures will also be integral, meaning that the underlying monoid (or, equivalently, its
characteristic monoid) can be embedded in a sheaf of abelian groups. It is important to note that an integral
monoid M can be seen as the set of elements ≥ 0 in a partial order on the associated group Mgp. We will
use this perspective frequently, particularly in Section 5.3.
Logarithmic structures will not be assumed saturated, although except in Section 5, a saturation hypoth-
esis may be imposed with no significant change to the results.
The exact sequence
0→ O∗S
ε−1
−−→→MgpS →M
gp
S → 0
induces a map
Γ(S,MgpS )→ H
1(S,O∗S).
6 STEFFEN MARCUS AND JONATHAN WISE
That is, every section α of the characteristic monoid MgpS induces a O
∗
S-torsor O
∗
S(−α) on S. In concrete
terms, O∗S(−α) is the coset of ε
−1O∗S in M
gp
S classified by α. The restriction of ε to O
∗
S(−α) induces a
homomorphism of line bundles:
εα : OS(−α)→ OS .
We also use εα to denote the dual map OS → OS(α).
3.2. Logarithmic curves. We recall the local description of a logarithmic curve. We refer the reader to
[Kat00] for further background.
Definition 3.2. Let S be a logarithmic scheme. A logarithmic curve over S is a morphism π : C → S
of logarithmic schemes that is logarithmically smooth with connected fibers and has the following local
description at every geometric point x of C over a geometric point s of S: either
(i) x is a smooth point of the underlying curve of C and MC,x ≃MS,s, or
(ii) x is a smooth point of the underlying curve of C andMC,x ≃MS,s+N, with the additional generator
corresponding to a local parameter of C at x, or
(iii) x is a node of the underlying curve of C andMC,x ≃MS,s+Nα+Nβ/(α+β = δ) for some δ ∈MS,s,
with α and β corresponding to the parameters for C along its branches at x and δ corresponding to
a parameter on the base smoothing the node.
In the third part of the definition, the element δ ∈MS,s is known as the smoothing parameter of the node.
Logarithmic curves can be defined more parsimoniously as logarithmically smooth, integral, saturated
families with connected fibers (see [Kat00, Definition 1.1 and Theorem 1.1] and [Tsu97, Theorem 4.2]). The
local description will be more important in this paper.
3.3. Tropical curves. Suppose that S is the spectrum of an algebraically closed field and C is a logarithmic
curve over S. The tropicalization of C is the dual graph of C, with a leg for each marked point and each
edge metrized by its smoothing parameter.
Let Γ be the tropicalization of C. The sections of MgpC correspond to piecewise linear functions on Γ
that are valued in MS and linear with integer slopes along the edges of Γ. The value of such a section α
at a vertex v corresponding to a component of C is its image in MC,x for any smooth point x of C. See
[CCUW17, Remark 7.3] for further details.
It is possible to make sense of a varying family of tropical curves over a logarithmic base scheme [CCUW17,
Section 7], but we will not need to do so here.
3.4. The valuative criterion. Recall that the pullback of logarithmic structures has a right adjoint [Kat89,
Section 1.4], called pushforward, but that the pushforward of a quasicoherent logarithmic structure is not
necessarily quasicoherent. If f : X → Y is a morphism of logarithmic schemes and MX is a logarithmic
struture on X then the pushforward logarithmic structure is OX ×f∗OY f∗MX .
Definition 3.3. Let j : η → S be the inclusion of the generic point in the spectrum of a valuation ring.
If Mη is a logarithmic structure on η, we call OX ×j∗Oη j∗Mη the maximal extension of the logarithmic
structure of η.
We again caution that the maximal extensionMS of the logarithmic structure of η may fail to be quasico-
herent. This will not be a problem, since one can make sense of maps from an arbitrary logarithmic scheme
into a logarithmic scheme, or moduli problem over logarithmic schemes.
Theorem 3.4. Let f : X → Y be a morphism of logarithmic schemes. The morphism of schemes f : X → Y
underlying f satisfies the valuative criterion for properness if and only if f has the right lifting property with
respect to the inclusion of the generic point in the spectrum of a valuation ring with maximal logarithmic
structure:
η //

X
f

S
??
⑧
⑧
⑧
⑧
// Y
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Proof. Consider a lifting problem (3.1):
(3.1)
η //

X

S //
@@
✁
✁
✁
✁
Y
Let Mη be the logarithmic structure on η pulled back from X and let M
′
S be the logarithmic structure
on S pulled back from Y . Let MS be the maximal extension of Mη to S. The commutative square gives
a morphism M ′η → Mη, from which we obtain M
′
S → MS by adjunction. We then have a commutative
diagram (3.2):
(3.2)
(η,Mη) //

X

(S,MS)
44❤
❤
❤
❤
❤
❤
❤
❤
❤

(S,M ′S)
// Y
The lifting property for maximal extensions guarantees the existence of the dashed arrow, which provides
the desired lift of (3.1). To see that this lift is unique, consider a pair of lifts f and g of (3.1). These
must restrict to the same dashed arrow in (3.2). But the map (S,MS)→ (S,M
′
S) is an isomorphism on the
underlying schemes, so f and g must coincide. 
While it would be possible to formulate a version of this criterion that involves only quasicoherent loga-
rithmic strutures, this will not be necessary for our applications.
Definition 3.5. We say that a homomorphism of integral monoids f :M → N is relatively valuative if, for
every x ∈Mgp such that f(x) = 0, either x ∈M or −x ∈M .
Proposition 3.6. Suppose that S is the spectrum of a valuation ring, with the maximal logarithmic structure
MS extending a logarithmic structure at its generic point. Let j : η → S denote the inclusion of the generic
point. Then the generization map MS → j∗Mη is relatively valuative.
Proof. We observe that, by the construction of MS = OS ×j∗Oη j∗Mη, the kernel of M
gp
S → j∗M
gp
η is the
associated group of the monoid
(OS ×
j∗Oη
j∗O
∗
η)/O
∗
S ,
which is simply the valuation monoid of S. It follows immediately that the generization map is relatively
valuative. 
4. The logarithmic compactification of the Abel–Jacobi section
4.1. Tropical lines.
Definition 4.1. For any logarithmic scheme X , we define
Glogm (X) = Γ(X,M
gp
X )
Gtropm (X) = Γ(X,M
gp
X )
and call these, respectively, the logarithmic multiplicative group and the tropical multiplicative group. We
also call Gtropm the tropical line.
Remark 4.2. As described in Section 3.3, maps from a curve over S into Gtropm correspond to piecewise linear
functions on the tropicalization, valued in MS . Notably, there is no balancing condition, so we use the term
‘tropical’ here with some license.
Remark 4.3. Neither Glogm nor G
trop
m is representable by an algebraic stack with a logarithmic structure.
However, we will see shortly that Glogm has a logarithmic modification that is representable by P
1 with its
toric logarithmic structure. Likewise, Gtropm has a logarithmic modification that is representable by the stack
[P1/Gm].
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A map X → Gtropm corresponds to a section α of M
gp
X , and therefore to a Gm-torsor O
∗
X(α) on X . The
identity map Gtropm → G
trop
m should therefore induce a universal Gm-torsor on G
trop
m . The following lemma
characterizes it.
Proposition 4.4. The universal Gm-torsor over G
trop
m is G
log
m .
Proof. Suppose that X → Gtropm corresponds to a section α of M
gp
X . The associated Gm-torsor is the sheaf
of lifts of α to MgpX . This is precisely the same as the sheaf of lifts of X → G
trop
m to G
log
m . 
Definition 4.5. Let S be a logarithmic scheme. A tropical line over S is a Gtropm -torsor on S and a
logarithmic line is a Glogm -torsor over S.
In other words, a tropical line is a torsor under M
gp
S . We note that the sections of a tropical line P over
S are equipped with a partial order, in which β ≤ γ if there is some δ ∈ Γ(S,MS) such that β + δ = γ.
If P is a logarithmic line over S then P carries a natural Gm-action and P/Gm is a tropical line over S.
4.2. Logarithmic divisors.
Definition 4.6. Let C be a logarithmic curve over a logarithmic scheme S. A logarithmic divisor on C is
a tropical line P over S and a morphism C → P . We write Div for the stack in the strict e´tale topology on
logarithmic schemes whose S-points are triples (C,P , α) where C is a logarithmic curve over S, where P is
a tropical line over S, and where α : C → P is an S-morphism.
Example 4.7. Let S be a logarithmic scheme whose underlying scheme is the spectrum of an algebraically
closed field and let C be a logarithmic curve over S. Then Div(C) is the set of piecewise linear functions
on the tropicalization of C that are linear with integer slope along the edges and take values in M
gp
S , up to
translation by constants.
The following proposition gives a more concrete characterization of Div.
Proposition 4.8. Let π : C → S be a family of logarithmic curves. Then Div(C) = Γ
(
S, π∗(M
gp
C )/M
gp
S
)
.
Proof. Let P be a tropical line. Locally in S we may choose an isomorphism between P and Gtropm , which is
unique up to addition of a section of M
gp
S . Then a map C → P ≃ G
trop
m is identified with a global section
of M
gp
C , up to translation by M
gp
S . 
It is possible to separate Div into components using several locally constant data. The first is the genus
of the curve in question. Second, the slopes of the piecewise linear function introduced in Example 4.7 on
the infinite legs of the tropicalization are locally constant in families. If a is a vector of integers, we write
Divg,a = (a1, . . . , an) for the component of Div where the curve has genus g, the marked points are labeled
by the integers 1, . . . , n, and the outgoing slope of the piecewise linear function on the tropicalization on the
ith leg is ai.
Theorem 4.9. Div is representable by an algebraic stack with a logarithmic structure that is locally of finite
presentation.
Proof. We employ the standard approach: first we consider the stack Log(Divg,a) over schemes, whose
objects are the same as those of Divg,a but whose arrows are only the cartesian arrows over schemes.
Equivalently, if S is a scheme, then an S-point of Log(Divg,a) is a the choice of a logarithmic structure MS
on S and an (S,MS)-point of Divg,a. Once we have shown Log(Divg,a) is an algebraic stack, we equip it
with the canonical logarithmic structure and identify Divg,a as an open substack.
First we show Log(Divg,a) is algebraic. Denote by M
log
g,n the moduli stack of logarithmic curves of genus
g with n marked points. Working relative to Log(Mlogg,n), we may assume given a fixed logarithmic curve
π : C → S. As the formation of π∗M
gp
C in the small e´tale topology commutes with base change, so does the
formation of π∗(M
gp
C )/M
gp
S . Therefore Log(Divg,a) is representable by the espace e´tale´ of π∗(M
gp
C )/M
gp
S
over Log(Mlogg,n). This must be locally of finite presentation, since it is e´tale over Log(M
log
g,n).
To see thatDivg,a is open in Log(Divg,a) it remains only to demonstrate the existence of minimal objects
and prove they are stable under base change (see [Gil12] and [Wis16, Appendix B] for the philosophy of
minimality). Suppose α is a logarithmic divisor on a logarithmic curve C over a logarithmic scheme S, and
denote by NS the minimal logarithmic structure on S for the family C. We will show that α is actually
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defined over the image of NS in MS . We work in a small neighborhood of a geometric point s of S so that
we may view α has a piecewise linear function on the tropicalization of Cs, well-defined up addition of a
constant. Adding a suitable constant to α, we can therefore assume that α takes the value 0 at some vertex
of the dual graph of Cs. Since α is linear with integer slopes along the edges, and the lengths of all edges
come from the image of NS , it follows that all values of α lie in the image of N
gp
S , and therefore that α is
defined over the image of NS in MS .
Now, let K ⊂ NgpS be the smallest subgroup such that α can be represented by an element of N
gp
S /K. The
subgroup K is generated pointwise as follows: for every directed edge e from a vertex v to a vertex w in the
dual graph of C, α determines an element δe = α(w) − α(v) ∈ N
gp
S ; the relations are that
∑
e∈γ δe = 0 for
any directed loop γ in the dual graph. The image of NS in N
gp
S /K is the minimal monoid. This construction
is compatible with base change, so defines the minimal structures for our logarithmic moduli problem and
therefore an algebraic stack. This stack is open in Log(Divg,a) so is locally of finite presentation. 
Proposition 4.10. The forgetful morphism Divg,a → M
log
g,n to the moduli space of logarithmic curves is
logarithmically e´tale.
Proof. This is immediate from the fact that π∗(M
gp
C )/M
gp
S is an e´tale sheaf. 
Corollary 4.10.1. Divg,a is logarithmically smooth and birational to M
log
g,n.
Proof. As Divg,a is logarithmically e´tale over M
log
g,n, and M
log
g,n is logarithmically smooth, so is Divg,a. It is
an isomorphism over the locus where the logarithmic structures are trivial, and in a logarithmically smooth
logarithmic scheme, the open subset where the logarithmic structure is trivial is dense. 
4.3. The Abel–Jacobi section. We construct a canonical map aj : Divg,a → Picg,n. Given an object
(π : C → S, α) of Div over a logarithmic scheme S, pushing forward the exact sequence 0→ O∗C →M
gp
C →
MgpC → 0 along π results in a commutative diagram with exact arrows:
MgpS
//

MgpS

// 0

π∗M
gp
C
// π∗M
gp
C
// R1π∗O
∗
C .
Upon taking quotients in the vertical direction, this yields an exact sequence:
(4.1) π∗M
gp
C /M
gp
S → π∗M
gp
C /M
gp
S → R
1π∗O
∗
X .
The second arrow in this exact sequence produces a line bundle class aj(α) in Pic(C), inducing our desired
morphism.
Theorem 4.11. The morphism aj : Divg,a → Picg,n is a closed embedding.
Proof. Since both source and target are locally of finite presentation, it will suffice to prove that aj
(1) is quasicompact,
(2) is a monomorphism, and
(3) satisfies the existence part of the valuative criterion for properness.
We take these up in the following three lemmas. 
Lemma 4.11.1. The map aj : Divg,a → Picg,n is a monomorphism.
Proof. We learned the following argument from Lionel Levine. This is a local assertion, so we may assume
that we have a logarithmic curve C over S and a geometric point s of S such that an element of Divg,a(C)
corresponds to a piecewise linear function on the tropicalization of Cs, up to the addition of a constant.
Suppose we have two such piecewise linear functions, α and β, such that aj(α) = aj(β). Then aj(α − β) is
pulled back from the base. We argue that this implies α− β is a constant function.
Indeed, because aj(α− β) is pulled back from the base, it has degree zero on every component of C. The
degree of aj(α−β) on a component is the sum of the outgoing slopes of α−β from the corresponding vertex.
Therefore the sum of the outgoing slopes of α − β is zero at every vertex, so α − β is a harmonic function.
On the other hand, it is bounded, because α and β have the same outgoing slopes a on the legs of the dual
graph. Therefore α− β is a bounded, harmonic function on the tropicalization, hence is constant. 
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Lemma 4.11.2. The map aj : Divg,a → Picg,n satisfies the valuative criterion for properness.
Proof. Our argument is adapted from [FP15]. Suppose that C → S is a family of logarithmic curves, where
S is the spectrum of a valuation ring, j : η → S is the inclusion of its generic point, and the logarithmic
structure of S is the maximal extension of the logarithmic structure on η (as in Definition 3.3). That is,
MS = j∗Mη ×j∗Oη OS . We consider a lifting problem:
η //

Divg,a

S
<<
②
②
②
②
②
// Picg,n.
Making a ramified base change, we can assume that Mη is a constant sheaf on η.
Let C be the logarithmic curve over S coming from the map to Picg,n, let Cη be its restriction to η, and
let C0 be its special fiber. The diagram gives a line bundle L on C and a section αη ∈ Γ(Cη,MCη) such that
aj(αη) = L|η.
We lift αη to a global section α of M
gp
C arbitrarily: the obstruction to finding a lift lies in H
1(C0,C)
where C0 is the special fiber of C and C is the sheaf of Cartier divisors on C with support in the special
fiber (viewed as a sheaf on C0). This sheaf can be constructed explicitly as the quotient j∗(O
∗
Cη
)/O∗C , and
this quotient coincides with the kernel of MgpC → j∗M
gp
Cη
.
In fact, we can be even more precise about the location of the obstruction. Form the graph Γ whose vertices
are the unions of components in C0 that are Cartier in the total space of C, and with edges determined by
incidence in C0. Then the obstruction lies in H1(Γ,C). But C is freely generated by the vertices of Γ, so
H1(Γ,C) = 0.
Since the Cartier class group of C is the same as the Picard group, there is a Cartier divisor D on C
supported on the special fiber such that aj(α) = L(D). But the group of Cartier divisors on C supported on
the special fiber is exactly C. Therefore we can adjust α by an element of C, producing the desired global
section and ensuring that aj(α) = L. This proves the existence part of the valuative crierion for properness.
Note that this produces an object that is not necessarily minimal, but we have seen that every object is
induced from a unique minimal object. 
Lemma 4.11.3. The map aj : Divg,a → Picg,n is quasicompact.
Proof. We must show that, given a quasicompact base scheme (not logarithmic scheme) S, a family of
prestable curves C, and a line bundle L on C, there is a quasicompact family over S in which all lifts of
all fibers of these data to Divg,a appear. We may freely pass to a constructible and e´tale covers of S and
thereby assume that the logarithmic structure is constant. We can also assume that C has constant dual
graph G. The multidegree of L is then fixed. We give S the minimal logarithmic structure MS associated
to the family C; in other words, MS is the logarithmic structure pulled back from Picg,n.
Bounding the slopes. Following [FP05], we argue that there are at most finitely many possibilities for
the slopes of a piecewise linear function α on the tropicalization of C such that the multidegree of OC(α)
agrees with the multidegree of L.
The degrees of L on each of the irreducible components of C are a tropical divisor. If α is a piecewise
linear function on the tropicalization of C then the degree of aj(α) on a component of C is the deviation
from linearity (i.e., the sum of the outgoing slopes) of α at the corresponding vertex of the tropicalization.
In effect, we wish to show that there are finitely many piecewise linear functions α with the same associated
tropical divisor.
Any choice of α endows the tropicalization of C with an orientation (the direction of increase of α), and
since there are finitely many ways to orient a finite graph, we may assume one orientation has been fixed.
Then we proceed by induction: since the graph has no directed loops, there is at least one vertex with only
outwardly directed edges. The degree of L on this component constrains the possible outward slopes of α
on the adjacent edges to a finite collection of possibilities. We therefore assume one is fixed. Now delete
that vertex and the adjacent edges, adjusting the degree of L on the adjacent components to account for the
edges that have been removed. By induction, there are only finitely many possibilities for the slopes.
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Bounding the logarithmic structure. We may now assume that the slopes of α on the edges of G
are fixed. We must still show that the space of lifts of S → Picg,n toDivg,a with these slopes is quasicompact.
Any such map will give a quotient M ′S of the logarithmic structure of MS , and the characteristic monoid
M ′S of this quotient is determined by the fixed slopes of α. The choices of this logarithmic structure vary in
a quasicompact family, so we may assume they have been fixed.
Conclusion. Now we have fixed slopes along the edges of G and a logarithmic structure such that these
slopes arise from a piecewise linear function. This gives a uniquely determined logarithmic divisor α on C,
and we wish to show that the inclusion in S of the locus where OC(α) agrees with L (up to tensor product
by a line bundle from the base) is quasicompact. In fact, it is closed, by the Seesaw Theorem [Mum08,
Section 5, Corollary 6, p. 54]. 
The lemmas together complete the proof of Theorem 4.11. 
We introduce the notation Div0g,a for the open substack of Divg,a corresponding to (C,α) such that,
when α is regarded as an equivalence class of piecewise linear functions on the tropicalization of C, it is
actually linear. That is, the outgoing slopes of α at each vertex sum to zero. We also introduce Divcang,a for
the open substack of Divg,a where the sum of the outgoing slopes at a vertex v of the tropicalization of a
curve is 2h− 2 +m, where h is the valence of v and m is the number of half-edges incident to v.
Proposition 4.12. The loci of (C,α) in Div0g,a and in Div
can
g,a such that C is of compact type are equivalent
to ctDiv0g,a and to
ctDivcang,a , respectively.
Proof. On the compact type locus the dual graph of any fiber of π : C → S is a tree, making the subgroup
K of the minimal logarithmic structure in the proof of Theorem 4.9 trivial. Thus the minimal logarithmic
structures of Divg,a over the compact type locus are the same as those of
ctMlogg,n. Once the slopes of α on
the legs of a tree are specified, there is a unique choice of α that is linear at the vertices (see the proof of
Lemma 4.11.1) and has the specified slopes on the legs. Therefore, the only extra datum provided by the
section α of π∗(M
gp
C )/M
gp
S is the choice of an integer weight ai at each marked point.
The proof for canonical degrees is similar. 
4.4. Logarithmic trivializations of line bundles. We saw in Theorem 4.11 that Divg,a → Picg,n is a
closed embedding. Therefore, if S → Picg,n classifies a line bundle L on a logarithmic curve C over S, then
S×Picg,n Divg,a is representable by a closed subscheme that we may think of as the collection of points s in
S such that Ls is induced from a piecewise linear function on the tropicalization of CS . In this section, we
want to give a somewhat more intrinsic characterization of this locus.
Suppose that Gm acts on Y and that L is a line bundle with associated Gm-torsor L
∗; that is, L∗ is the
sheaf of isomorphisms O → L and L = (L∗×Y )/Gm, where the action is antidiagonal. We denote by L⊗Y
the contraction of L∗ with Y .
Recall from Section 3.1 that, given α ∈ π∗(M
gp
C ) on a logarithmic curve π : C → S there is a canonical line
bundle OC(−α) on C associated to α given by taking the line bundle associated to the Gm-torsor O
∗
C(−α)
produced by the preimage of α through the quotient map MgpC →M
gp
C . If α is instead a logarithmic divisor
in π∗(M
gp
C )/M
gp
S then by choosing a representative in π∗M
gp
C , we obtain a line bundle that is well defined
up to tensor product by OC(δ) for δ ∈M
gp
S .
Definition 4.13. Let π : C → S be a logarithmic curve and let L be a line bundle on C. A logarithmic
trivialization of L over S is a section of the quotient π∗(L⊗M
gp
C )/M
gp
S .
Let C → S be a fixed family of n-marked logarithmic curves over S, fix an equivalence class of line bundles
L on C, up to tensor product by line bundles from the base, and fix a vector a of integer weights.
Definition 4.14. We denote by Divg,a(C,L) the category whose objects are:
(1) a logarithmic scheme S′ and map f : S′ → S, with C′ = f−1C, and
(2) a logarithmic trivialization of f∗L.
This naturally forms a category fibered in groupoids over LogSch.
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Proposition 4.15. There is a cartesian diagram:
Divg,a(C,L) //

S
(C,L)

Divg,a
aj
// Picg,n.
In particular, Divg,a(C,L) is proper over S.
Proof. Note that L⊗MgpC is an O
∗
C -torsor over M
gp
C . We regard this as an exact sequence of pointed sets:
0→ O∗C → L⊗M
gp
C →M
gp
C → 0
Pushing forward by π∗ gives an exact sequence of pointed sets (4.2), as in (4.1):
(4.2) 0→ π∗O
∗
C → π∗(L⊗M
gp
C )→ π∗M
gp
C → R
1π∗O
∗
C
Dividing by the sequence
0→ O∗S →M
gp
S →M
gp
S → 0
we obtain another exact sequence
(4.3) 0→ π∗(L⊗M
gp
C )/M
gp
S → π∗(M
gp
C )/M
gp
S → R
1π∗O
∗
C
Here, the map from π∗(M
gp
C )/M
gp
S → R
1π∗O
∗
C sends the equivalence class of α ∈ π∗M
gp
C to L(−α). The
sequence therefore identifies π∗(L⊗M
gp
C )/M
gp
S — that is, Divg,a(C,L) — with the the α ∈ Divg,a(C) whose
image in Picg,n is L. This is the content of the cartesian diagram in the statement of the proposition. 
This proposition can be applied with S = Mlogg,n, with C taken to be the universal curve, and with
L = ωkC/S . Then Divg,n(C, ω
k
C/S) is a compactification of the moduli space of k-differentials on curves, and
we will see in Section 4.5 that it is equipped with a virtual fundamental class. In compact type, aj is the
usual Abel–Jacobi map and the virtual fundamental class of Div(X,L) restricts to the refined intersection
of the Abel–Jacobi section and the section determined by L.
4.5. Twisted double ramification cycle. The composition of the sequence of morphisms (4.4)
(4.4) Divg,a
aj
−→ Picg,n
Π
−→Mlogg,n
is logarithmically e´tale, the map aj is a closed embedding, and the map Π is strict and smooth. This implies
that Picg,n×Mlogg,n Divg,a is strict and smooth over Divg,a, and the induced section σ is therefore a local
complete intersection embedding. Writing I for the sheaf of ideals of σ, we therefore have an isomorphism
aj∗I = aj∗Ω
Picg,n/M
log
g,n
.
Furthermore aj∗I can serve as the obstruction bundle of a relative obstruction theory for σ. Since
Picg,n×
M
log
g,n
Divg,a → Picg,n
is the base change of a logarithmically e´tale morphism, it is also logarithmically e´tale over Picg,n. Therefore
our obstruction theory also works as a relative obstruction theory for aj : Divg,a → Picg,n.
It is also well-known that the relative tangent bundle of Picg,n over M
log
g,n has fiber H
1(C,OC) over the
point corresponding to a logarithmic curve C. This proves Theorem B.
It follows that, for any f : S → Picg,n classifying a logarithmic curve C over S and line bundle L on C,
the pullback Div(C,L) of aj : Divg,a → Picg,n has a perfect relative obstruction theory f
∗aj∗I. Let S be
an algebraic stack stack with a logarithmic structure, let C be a logarithmic curve of genus g over S, and let
L be a line bundle on C. These data give a morphism S → Picg,n. Fix an n-tuple of integers a. We have
(Section 4.4)
Divg,a(C,L) = S ×
Picg,n
Divg,a.
Gysin pullback for the Abel–Jacobi section equips the map Divg,a(C,L) → S with a virtual pullback. In
particular, if S has a fundamental class [S] (or a virtual fundamental class) then we obtain a relative virtual
fundamental class [Divg,a(C,L)/S]
vir by applying the virtual pullback to [S].
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We can apply this in particular where S = Mg,n, where C is the universal curve, and where L is ω
k
C/S
for any integer k. This gives a cycle class
[
Divg,a(M
log
g,n, ω
k)
]vir
in CH2g−3+n
(
Divg,a(M
log
g,n, ω
k)
)
. Since Divg,a(ω
⊗k) is proper over Mg,n, we may push this cycle class
forward to Mg,n to obtain a twisted double ramification cycle DRg,a(M
log
g,n, ω
k).
4.6. The Abel–Jacobi map. Here we construct a proper map Divg,a → Picg extending the mapMg,a →
Picg that sends a smooth curve C with n distinct marked points x1, . . . , xn to OC(
∑
aixi).
Suppose that C is a logarithmic curve without markings. By a punctured model of C we will mean a map
τ : C˜ → C such that, if the markings of C˜ are forgotten, the stabilization of τ is an isomorphism. If C is
a tropical curve and α is a piecewise linear function on C that is linear on the edges, we call α linear at
a vertex of C if the sum of the outgoing slopes of α at that vertex is zero. Since logarithmic divisors on a
logarithmic curve C can be regarded as piecewise linear functions on the tropicalization that are linear on
the edges, we apply the same terminology to logarithmic divisors.
Let Div∗g,a be the stack over logarithmic schemes whose S-points are the following data:
(1) a logarithmic curve C over S without marked points,
(2) a stable punctured model τ : C˜ → C with n marked points, and
(3) a logarithmic divisor α : C˜ → P and slopes a on its legs, such that
(4) α is linear at the components of C˜ collapsed by τ .
Let us also denote by Pic∗g,n the stack over logarithmic schemes whose S-points are
(1) a logarithmic curve C over S without marked points,
(2) a stable punctured model τ : C˜ → C with n marked points, and
(3) an equivalence class of line bundles L˜ on C˜, up to tensor product by line bundles from the base, such
that
(4) L has degree zero on all components collapsed by τ .
If α : C˜ → P is an object of Div∗g,a then OC˜(α) is an object of Pic
∗
g,n. By Theorem 4.11, we have a
proper map:
Div∗g,a → Pic
∗
g,n.
On the other hand, if (τ : C˜ → C, L˜) is an object of Pic∗g,n then L˜ is the pullback to C˜ of the line bundle
τ∗L˜ on C. Therefore Pic
∗
g,n is equivalent to the space of
(1) a logarithmic curve C over S without marked points,
(2) a stable punctured model τ : C˜ → C with n marked points, and
(3) an equivalence class of line bundles L on C.
That is, Pic∗g,n → Picg is proper, with the preimage of (C,L) corresponding to space of punctured models
of C (equivalently, the space of stable curves that stabilize to C when their marked points are forogotten).
5. Rubber comes from the tropics
5.1. Aligned logarithmic curves.
Definition 5.1. Let C be a logarithmic curve over S and let α : C → P be a logarithmic divisor on C. We
say that α is aligned if, for each geometric point s of S, the set of α(v), as v ranges among the vertices of Cs,
is totally ordered. We write Rub for the subfunctor of Div whose objects are aligned logarithmic divisors.
Proposition 5.2. Rub is a logarithmic modification of Div, and in particular is representable by an alge-
braic stack with a logarithmic structure.
Proof. It is sufficient to show that Rub×Div S is a logarithmic modification for each logarithmic scheme
S and map S → Div. In other words, we must show that if S is a logarithmic scheme, C is a logarithmic
curve over S, and α : C → P is a logarithmic divisor on C, then the space of alignments of α is a logarithmic
modification of S.
This is a local assertion in the strict e´tale topology on S, so we can assume that there is a geometric point
s of S such that
Γ(S,MS)→MS,s
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is a bijection and that the family of dual graphs of the fibers of C over the closed stratum of S has trivial
monodromy.
Let Γ be the tropicalization of Cs. For each vertex v of Γ, we get a value α(v) ∈M
gp
S , and α is aligned if
and only if these elements are totally ordered.
Passing to an e´tale cover of S, we can assume there is a strict map from S to an affine toric variety V .
Then the α(v) are all pulled back from sections ofM
gp
V . Moreover, the space of alignments of α is also pulled
back from V , where it is easily seen to be representable by a toric modification: subdivide the cone of V
along the hyperplanes α(v) = α(w). 
As a special case of the constructions in this section and as motivation for what’s to come, we identify
the fiber product
Rubg,a(M
log
g,n,O) = Rubg,a ×
Picg,n
Mlogg,n
where Mlogg,n is the moduli space of stable logarithmic curves and the map M
log
g,n → Picg,n sends a curve to
the trivial line bundle on that curve. The following theorem follows directly from the results of Section 5.5.
Theorem 5.3. Rub(Mlogg,n,O) is the moduli space of predeformable maps from prestable curves to rubber
targets. The stable locus is the space of stable maps to rubber targets introduced by Graber and Vakil [GV05].
5.2. Divided tropical lines.
Definition 5.4. Let S be a logarithmic scheme. A divided tropical line over S is a tropical line P and a
subfunctor Q ⊂ P such that, locally in S, there are sections γ1 ≤ · · · ≤ γn of P and Q is the set of sections
of P that are comparable to all of the γi. Given any tropical line P , we write Pγ for the divided tropical
line over S associated to a sequence γ1 ≤ · · · ≤ γn of P . If P is the tropical line associated to a logarithmic
line P then we also write Pγ = Pγ ×Gtropm G
log
m .
Example 5.5. Over any base S, we may take P = Glogm , P = G
trop
m , and γ1 = 0 to get a divided tropical
line Pγ and a divided logarithmic line Pγ . In this case Pγ = P
1, with its standard logarithmic structure,
and Pγ = [P
1/Gm].
If Pγ is a divided tropical line over S, the sequence γ1 ≤ · · · ≤ γn cannot be recovered from Pγ . However,
we will show that the differences δi = γi+1 − γi can.
Consider the locus Ui ⊂ Pγ consisting of those α such that γi ≤ α ≤ γi+1. This is an open subfunctor of
Pγ . Let β = α− γi and let β
′ = γi+1 − α. Then β + β
′ = δ, which means that
Ui(T ) ≃ {(β, β
′) ∈ Γ(T,MT )× Γ(T,MT )
∣∣ β + β′ = δi}
functorially in T . It follows from this that the minimal logarithmic structure of S over which Pγ is defined
is freely generated by the nonzero δi. (If δi = 0, then Ui is an open subset of Ui+1 and Ui−1, so it can be
omitted from discussion.)
We argue that the order of the δi is also determined by Pγ . Indeed, Ui ∩ Uj 6= ∅ if and only if γi+1 = γj
or γj+1 = γi. It is not possible for both to occur unless γi = γi+1 = γj = γj+1, in which case δi = δj = 0.
Otherwise, we can recognize that i ≤ j if γi+1 = γj and that j ≤ i if γi = γj+1.
We also observe that if Q is a divided tropical line with lengths δ1, . . . , δn and we set
γi =
∑
j≤i
δj
γ′i = −
∑
j≥i
δj
then Q ≃ Pγ ≃ Pγ′ where P =G
trop
m .
Remark 5.6. Minimal tropical lines with at least one division were called aligned logarithmic structures in
[ACFW11], where they were studied in terms of the sequence δ1, . . . , δn and the condition (5.1):
(5.1) 0 ≤ δ1 ≤ δ1 + δ2 ≤ · · · ≤ δ1 + · · ·+ δn.
Proposition 5.7. Let P be a tropical line. If γ = {γ1 ≤ · · · ≤ γn} is a nonempty collection of sections of
P then Pγ is representable by an algebraic stack over S with a logarithmic structure and Pγ is representable
by a family of 2-marked, semistable, genus 0 curves.
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Figure 2. A divided tropical line with γ2 = γ1 + δ1 and γ3 = γ2 + δ2.
Proof. The assertion is local in S, so we may assume P ≃ Gtropm .
We have Pγ = Pγ ×Gtropm G
log
m . We will check that Pγ is a family of 2-marked semistable curves over S.
The assertion about Pγ follows, since Pγ = [Pγ/Gm].
The assertions of the proposition are local in S, so we may assume that the γi lift to elements γ˜i ∈
Γ(S,MgpS ). Then a morphism X → Pγ consists of a morphism f : X → S and α˜ ∈ Γ(X,M
gp
X ) with image
α ∈ Γ(X,MgpX ) such that α is comparable to every γi.
We argue first that Pγ is a flat family of nodal curves. Consider the locus Ui ⊂ Pγ where γi ≤ α ≤ γi+1.
Taking δ˜i = γ˜i+1γ˜
−1
i , we can identify Ui(X) with the locus of pairs (β˜, β˜
′) ∈ Γ(X,MgpX ) such that β˜β˜
′ = δ˜i.
In other words, there is a cartesian diagram of logarithmic schemes:
Ui
(β˜,β˜′)
//

A2

S
δ˜i // A1
where the map A2 → A1 is multiplication. This proves Ui is representable by a logarithmic scheme, flat
over S, and has nodal curves as its fibers.
At the extremes, i = 0 and i = n, a similar argument gives Ui ≃ A
1
S .
Now we argue that Pγ is proper. For this we may assume that S is the spectrum of a valuation ring
with generic point η, that S has the maximal logarithmic structure extending the logarithmic structure from
η, and that we are given a section of Pγ over η. That is, we are given an element α˜ of Γ(η,M
gp
η ) that
is comparable to the γ˜i. We wish to show that this extends uniquely to Γ(S,M
gp
S ). But by construction,
Γ(η,Mgpη ) = Γ(S,M
gp
S ), so we obtain the lift of α˜ automatically. The comparability to the γ˜i is not as
immediate, because the partial order on MgpS has fewer relations than does M
gp
η . However, because MS
is the maximal extension of Mη, any two elements of M
gp
S whose images are comparable in M
gp
η are also
comaprable in MS (Proposition 3.6). This completes the proof of properness.
Finally, we check that the fibers of Pγ are semistable, 2-marked curves. We may assume S is the spectrum
of an algebraically closed field. Let Vi be the locus in Pγ where α = γi. Then
Pγ = U0 ∪
V1
U1 ∪
V2
U2 ∪
V3
· · · ∪
Vn−1
Un−1 ∪
Vn
Un
and our identifications U0 ≃ A
1
S , Ui ≃ S×A2 A
1, and Un ≃ A
1 and a quick check of the gluing confirm that
Pγ is a 2-marked, semistable curve. 
The proposition shows that any tropical line Pγ over S with at least one division gives rise to a family of
2-marked, semistable, rational curves Pγ . Thus γ determines a morphism S →M
ss
0,2. Conversely, if P is such
a family of curves over a logarithmic scheme S, then locally P has smoothing parameters δ1, δ2, . . . , δn ∈
Γ(S,MS) associated to its nodes. The sequence of elements
γi =
∑
j≤i
δi
is then a tropical line over S.
These two operations are not quite inverse to one another because the family of rational curves carries
a Gm automorphism that is not visible in the tropical line. It is shown that in [ACFW11] that when this
automorphism is rigidified away, Mss0,2 is indeed the moduli space of tropical lines with at least one division.
Theorem 5.8. There is an algebraic stack T with logarithmic structure parameterizing families of tropical
lines with at least one division, and Mss0,2 ≃ T × BGm.
We sketch the argument using the terminology of this paper. Suppose that P is a family of 2-marked,
semistable, genus 0 curves over S. If s is a geometric point of S and Ps has n nodes then MS,s contains
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smoothing parameters for those nodes δ1, . . . , δn; because Ps is a chain of rational curves, the δi have a
canonical order, with the indices corresponding to proximity to the first marked point. As we have seen
above, the δi give a divided tropical line over S.
We can also extract a line bundle from P by taking the normal bundle at the first marked point. Together,
these give a map:
(5.2) Mss0,2 → T × BGm.
Conversely, if Pγ is a divided tropical line over S then Pγ is a family of 2-marked, genus 0 semistable
curves by Proposition 5.7. Twisting by L, the family L⊗Pγ is also a chain of rational curves. The map that
sends (Pγ , L) to L⊗ Pγ is inverse to (5.2).
We note that we could have used the normal bundle at the second marked point in the discussion above
and obtained a second identification between Mss0,2 and T × BGm. These identifications can be related by
a formula involving the δi.
5.3. Rubber divisors. Suppose that C is a logarithmic curve over S and that α : C → P is a logarithmic
divisor on C. For each irreducible component v of each geometric fiber of C over S, the restriction of α to
v determines an element α(v) ∈ MgpS , well-defined up to simultaneous shift of all α(v). As M
gp
S is partially
ordered (with MS being the cone of elements ≥ 0), this gives a partial order on the vertices of the dual
graph of each fiber of C over S. This partial order is compatible with generization in the evident sense:
whenever v and w are irreducible components of Cs, generizing to irreducible components v
′ and w′ of Cs′ ,
then α(v) ≤ α(w) implies α(v′) ≤ α(w′).
Definition 5.9. Let Rubg,n be the subfunctor of Divg,n parameterizing those pairs (π : C → S, α) such
that the partial order induced by α on the dual graph of each geometric fiber of C over S is a total order.
We call these logarithmic divisors linearly aligned.
Warning 5.10. Although Rubg,n is a subset of Divg,n when viewed as a functor on logarithmic schemes,
that does not mean the underlying scheme of Rubg,n is a subscheme of the underlying scheme of Divg,n.
Far from it: we will see shortly that the underlying algebraic stack of Rubg,n is a birational modification of
the underlying algebraic stack of Divg,n.
The following proposition gives a slightly simpler description of Rubg,n. Notably, it permits us to study
points ofRubg,n as sections of π∗(M
gp
C ) with a condition, instead of as sections of the quotient π∗(M
gp
C )/M
gp
S .
Proposition 5.11. Let Rub′g,n be the stack of tuples (C,α) with ordered marked points, where C is a
logarithmic curve over S and α is a global section of MgpC , such that, for each geometric point s of S, the
values taken by α on the vertices of the dual graph of C are totally ordered in M
gp
S,s and the minimal value
taken is 0. Then the natural map Rub′g,n → Rubg,n is an isomorphism.
Proof. If (C,x, α) is an object of Rubg,n(S) then by definition, α is a section of π∗(M
gp
C )/M
gp
S . But because
the values of α taken on the vertices of the tropicalization of C are totally ordered, there is a unique
representative of α in Γ(C,MgpC ) such that, in each fiber of C over S, the smallest value it takes on the
tropicalization is 0. 
Theorem 5.12. The map Rubg,n → Divg,n is a logarithmic modification (proper, logarithmically e´tale,
and birational).
Proof. It is logarithmically e´tale since both domain and codomain are built on logarithmic curves from
structures on the characteristic monoids, hence are both logarithmically e´tale over the stack of logarithmic
curves.
It is birational since logarithmic smoothness implies that the loci where the logarithmic structure on the
base is trivial forms a dense open subset of the moduli space. But when the logarithmic structure on the
base is trivial, the partial order is necessarily a total order, since all vertices of the dual graph have the same
degeneracy. Therefore the loci in Rubg,n and Divg,n where the logarithmic structure on the base is trivial
are isomorphic.
What remains is to prove the map is proper. We will actually show directly that the map is a subdivision,
which implies automatically that it is a logarithmic modification (so the prior two paragraphs were technically
unnecessary to the proof).
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Locally near a point of Divg,n we can represent the point by an α ∈ Γ(C,M
gp
C ). This determines a partial
order on the vertices of the dual graph Γ of C. In order to make this into a total order, we proceed by
induction, each time performing a subdivision on the dual monoid of MS . Each subdivision is the pullback
of a toric modification of the toric variety A2, so this will imply that Rubg,n is a logarithmic modification
of Divg,n.
If α does not determine a total order on the vertices then there are two vertices, v and w, such that α(v)
and α(w) are not comparable. This means that neither α(v) − α(w) nor α(w) − α(v) is an element of MS .
Locally in S, we can lift α(v) and α(w) to elements α˜(v) and α˜(w) of MgpS . Adding a suitable element of
MS to both, they give a logarithmic morphism
(α˜(v), α˜(w)) : S → A2.
Pulling back the toric blowup of A2 at the origin gives the univeral logarithmic S-scheme over which α(v)
and α(w) are comparable.
This reduces the amount of indeterminacy in the partial order by at least 1. Continuing in this way for
every pair α(v) and α(w), we eventually arrive at a logarithmic modification of S parameterizing all possible
total orders. 
5.4. Divisions. Any morphism S → Rubg,n induces a divided tropical line on S with at least one division.
Indeed, if (C,α) ∈ Rubg,n(S) then locally α can be represented by a section Γ(C,M
gp
C ). In fact, by
Proposition 5.11, it is possible to choose α globally. By definition of Rubg,n, the family of elements α(v),
as v varies among vertices of the tropicalizations of the fibers of C over S, is totally ordered in each fiber.
Therefore the α(v) determine a divided tropical line Pγ over S. Note that although the α(v) are only
well-defined up to addition of a constant from M
gp
S , the divided tropical line Pγ is independent of this
ambiguity.
The map C → Gtropm classified by α does not necessarily factor through Pγ . However, C ×Gtropm Pγ is a
logarithmic modification of C whose morphism to Gtropm does factor through Pγ , by definition.
5.5. Stable maps to rubber targets.
Definition 5.13. Let π : C → S be family of logarithmic curves, and L a line bundle on C. We define
Rubg,a(C,L) to be the moduli space of logarithmic sections of L over C whose image in Divg,a lies in
Rubg,a.
By definition, there is a cartesian diagram:
Rubg,a(C,L) //

Divg,a(C,L) //

S
(C,L)

Rubg,a // Divg,a // Picg,n.
Recall that, by Definition 4.6, a point of Rubg,a ⊂ Divg,a is a logarithmic curve C, a tropical line P ,
and a map α : C → P over S. The map induces a division Q of P , as in Section 5.4, and a logarithmic
modification C˜ = C ×P Q of C.
Locally on S, the map Rubg,a → Picg,n gives us a line bundle L = OC(α) on C, well-defined up to tensor
product by a line bundle pulled back from S. We write L˜ = OC˜(α) for its pullback to C˜ and L˜
∗ = O∗
C˜
(α)
with its associated Gm-torsor. Also locally on S — or even globally, by Proposition 5.11 — we can choose
an isomorphism P ≃ Gtropm . There is then a Gm-torsor G
log
m → G
trop
m and, writing P for this torsor, we can
identify L∗ = C ×P P and L˜
∗ = C˜ ×P P , by Proposition 4.4. We therefore obtain a Gm-equivariant map
L˜∗ → P . The map C˜ → P factors through Q by construction of C˜, so the map L˜∗ → P factors through
Q = Q×P P . We now have a canonical map L˜
∗ → Q over S.
Let R be the space of Gm-equivariant maps from L
∗ to Q, viewed as a family over C, and let R˜ be its
pullback to C˜. Perhaps more explicitly, R = L∗−1⊗Q. Then R is a family of 2-marked, genus 0, semistable
curves over C and is equipped with a section σ over C˜, induced from the Gm-equivariant map L˜
∗ → Q
constructed above.
Taking stock, we have shown that (C,α) ∈ Rub(S) gives rise to the following data:
R1 a semistable logarithmic curve C˜ over S with stabilization τ : C˜ → C,
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R2 a family of 2-marked, genus 0, semistable curves R over C,
R3 a divided tropical line Q over S with [R/Gm] = Q×S C,
R4 a section σ of R over C˜ such that no component of any fiber of C˜ is carried by σ into a node of Q,
and
R5 for each component v of Q, the preimage in C˜ contains at least one component that is stable.
Proposition 5.14. Let Rubstabg,a be the locus of (C,α) in Rubg,a such that C is stable. Then Rub
stab
g,a is
equivalent to the stack of triples (C˜,Q, R, σ) as in R1–R5.
Proof. We have seen already how C˜, Q, R, and σ arise from (C,α) in Rubg,a. It remains to argue that
every datum (C˜,Q, R, σ) satisfying the conditions arises uniquely by this process.
Let τ : C˜ → C be the stabilization. Since Q is a divided tropical line, it has a canonical map (in fact, two
canonical maps, but we choose the convention in Proposition 5.11) to Gtropm . The composition
(5.3) C˜ → R→ Q→ Gtropm
gives us an object of Rub′g,a(C˜). We wish to show it descends to C.
We take Q to be the pullback of Glogm to Q via the map Q → G
trop
m introduced above. Since R = Q×S C,
Theorem 5.8 guarantees that we can recover R as the space of Gm-equivariant maps from a Gm-torsor L
∗
on C to Q. Consider the sheaf R′ of Gm-equivariant maps R→ G
log
m . We will show that the map
C˜ → R→ R′
factors through C. Since the map (5.3) factors through R′ this will give the desired factorization and complete
the proof.
We show that
R→ τ∗τ
∗R
is an isomorphism. This is a local assertion in C. Near any point x of C, we can find an open neighborhood
U where L∗ ≃ Gm and therefore where R
′ ≃ Glogm . That is, sections of R correspond to sections of M
gp
C and
sections of τ∗R correspond to sections of Mgp
C˜
. But the map
MgpC → τ∗M
gp
C˜
is an isomorphism, because τ contracts rational components (see [AMW14, Appendix B] or [CCUW17,
Lemma 8.8]). This completes the proof. 
The case where an isomorphism between L and OC is fixed is of particular interest, as this was the
situation considered in [GV05]. Here the data simplify to
R1′ a semistable logarithmic curve C˜ with stabilization τ : C˜ → C,
R2′ a family of 2-marked, genus 0, semistable curves Q over S,
R3′ a morphism σ : C˜ → Q over S that does not carry any component of C˜ to a node, and
R4′ every component of every fiber of Q is covered by at least one stable component of C˜.
As a result of the above discussion and as special cases of Proposition 5.14 we have the following corollary
and theorem.
Corollary 5.14.1. Let Rub(Mlogg,n,O) be the substack of Rub parameterizing those (C,α) where C is
stable and OC(α) is pulled back from the base. Then Rub(M
log
g,n,O) is isomorphic to the moduli space of
data R1′–R4′.
Corollary 5.14.2. Rub(Mlogg,n,O) is isomorphic the moduli space of rubber stable maps.
5.6. The rubber virtual fundamental class. Graber and Vakil gave a pointwise first-order deformation
space and a 2-step obstruction space for Rubg,a(M
log
g,n,O) over M
log
g,n ×M
ss
0,2 [GV05]. In this section, we
will describe several global complexes that control the deformation and obstructions of Rubg,a(M
log
g,n, ω
⊗k)
relative to different bases. We relate our obstruction complexes to Graber and Vakil’s deformation and
obstruction spaces in Section 5.6.5.
Theorem 5.15. The obstruction theories for Rubg,a(M
log
g,n, ω
k) described in Sections 4.5, 5.6.1, and 5.6.3
all give the same virtual fundamental class.
The proof of this theorem is given in Sections 5.6.1 through 5.6.3 below.
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5.6.1. A second obstruction theory. Recall that Rubg,a(M
log
g,n, ω
⊗k) is constructed from a cartesian dia-
gram (5.4) where the map Mlogg,n → Picg,n sends a curve C to ω
⊗k
C :
(5.4)
Rubg,a(M
log
g,n, ω
⊗k
C )
//

Mlogg,n
ω⊗k

Rubg,a // Picg,n.
Section 4.5 gives a virtual fundamental class of Rubg,a(M
log
g,n, ω
⊗k) by way of the canonical relative logarith-
mic obstruction theory associated to the morphism of logarithmically smooth algebraic stacks aj : Rubg,a →
Picg,n.
However, the map Mlogg,n → Picg,n is a locally closed embedding of smooth stacks, with normal bundle
H1(C,OC) at a curve C. Therefore there is a relative obstruction theory for Rubg,a(M
log
g,n, ω
k) over Rubg,a
with obstruction bundle H1(C,OC) giving another virtual fundamental class on Rubg,a(M
log
g,n, ω
k) by Gysin
pullback from Rubg,a.
We claim that these two virtual fundamental classes coincide. In order to see this, we must recall that
if f : X → Y is a morphism of logarithmic algebraic stacks with a perfect relative logarithmic obstruction
theory E, then E gives an obstruction theory for the map g : X → Log(Y ) induced from f , where X is the
underlying algebraic stack of X . If Y is equidimensional then so is Log(Y ), of the same dimension as Y ,
and the virtual fundamental class is defined to be g![Log(Y )].
We can turn diagram (5.4) into a cartesian diagram of algebraic stacks (5.5), ignoring logarithmic struc-
tures:
(5.5)
Rubg,a(M
log
g,n, ω
k)
p
//
q

Log(Mlogg,n)
r

//Mg,n

Rubg,a
s // Log(Picg,n) // Picg,n.
The underlines denote underlying algebraic stacks (with logarithmic structure forgotten). By [Man12, The-
orem 4.3], we have
q![Rubg,a] = q
!s![Log(Picg,n)] = p
!r![Log(Picg,n)] = p
![Mg,n]
so the two virtual fundamental classes coincide.
5.6.2. The source of the obstruction. In Section 5.6.3, we will describe still another obstruction theory for
Rubg,n(M
log
g,n, ω
k). In order to compare it to the obstruction theories just introduced, we will need to under-
stand how obstructions in H1(C,OC) arise in practice in the obstruction theory introduced in Section 5.6.1.
Consider a square-zero logarithmic lifting problem (5.6) where S′ is a strict square-zero extension of S with
ideal J :
(5.6)
S //

Rubg,a(M
log
g,n, ω
k) //

Mlogg,n

S′ //
88
q
q
q
q
q
q
33❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣ Rubg,a // Picg,n.
It is equivalent to produce either of the dashed arrows, since the square on the right is cartesian. The map
S → Mlogg,n gives a logarithmic curve C over S, and the map S
′ → Picg,n gives a logarithmic curve C
′
over S′ extending C and an equivalence class of line bundles L′ on C′ (equivalence being tensor product by
line bundles pulled back from S′) whose restriction to C is pulled back from S. If we pick an isomorphism
ψ : ωkC/S ≃ L, then the lifts of ψ to an isomorphism φ
′ : ωkC′/S′ ≃ L
′ form a torsor under
Hom(ωkC′/S′ , JL
′) = Hom(ωC/S , J ⊗ ωC/S) = J ⊗H
1(C,OC).
More specifically, the map S′ → Rubg,a gives a family of divided tropical lines Q
′ over S′ and a map
α : C′ → Q′. The line bundle L′ above, obstructing the lift, is OC′(α).
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We note, however, that the isomorphism φ may only exist locally on S. It is therefore more canonical to
choose a line bundle K on S and an isomorphism φ : π∗K ⊗ ωkC/S → L on C. The pair (K,φ) is uniquely
determined up to unique isomorphism by L (indeed, K = π∗ Hom(ω
k
C/S , L)). The choices of lifts of K to a
line bundle K ′ on S′ are controlled by the complex OS [1]. Once such a lift has been chosen, the lifts of the
isomorphism φ to φ′ : π∗K ′ → L′ form a torsor under Hom(π∗K ⊗ωkC/S, L) = OC , by the calculation in the
last paragraph, so that we have a map
OS [1]→ Rπ∗OC [1]
whose cone, R1π∗OC , is a relative obstruction theory for Rubg,a(M
log
g,n, ω
k) over Rubg,a. This proves the
following proposition:
Proposition 5.16. There is a relative obstruction theory for Rubg,a(M
log
g,n, ω
k) over Rubg,a with obstruc-
tion bundle R1π∗OC .
5.6.3. A third obstruction theory. As explained in Section 5.5,Rubg,a(M
log
g,n, ω
k) is the space of a logarithmic
curve C, a family of 2-marked, semistable, rational curves Q, and a stable (logarithmic) section of the twisted
family ω−kC ⊗Q over C. By forgetting the section, there is a logarithmic map
(5.7) Rubg,a(M
log
g,n, ω
k)→Mlogg,n ×M
ss
0,2.
In the case k = 0, Graber and Vakil describe a 2-step schematic — that is, not logarithmic — obstruction
theory for this map. We will also give a 2-step obstruction theory, by thinking of the schematic morphism
as a logarithmic morphism (this section) followed by a change of logarithmic structure (Section 5.6.4). The
filtered pieces of this obstruction theory are not the same as Graber and Vakil’s, although we will see that
both theirs and ours have a common refinement. Ours has the advantage that both steps of the filtration
are perfect obstruction theories.
Proposition 5.17. There is a relative logarithmic obstruction theory for Rubg,a(M
log
g,n, ω
k) over Mlogg,n×M
ss
0,2
with obstruction complex Rπ∗f
∗T
(ωk
C/S
⊗Q)
/
C
[1].
In fact, the following lemma shows that T
(ω−k
C/S
⊗Q)
/
C
is canonically isomorphic to OC . We’ve used the
more complicated notation to emphasize the geometric origin of the obstructions.
Lemma 5.17.1. Let Q be a family of 2-marked, semistable, rational curves over S. Then the relative
logarithmic tangent bundle TQ/S is canonically trivial.
Proof. One way to see this is to note that Q is a division of a logarithmic line P . Since P is a torsor under
Glogm , its tangent bundle is the lie algebra of G
log
m (which is isomorphic to OS) twisted by P , via the adjoint
action. But Glogm is trivial, so the adjoint action is trivial, and TQ/S = TGlogm = OQ.
A more direct argument is to note thatQ is locally isomorphic toA1S or to the pullback of the multiplication
map A2 → A1 along a logarithmic morphism S → A1. In either case, these isomorphisms are uniquely
determined up to scaling by elements of O∗S . By we have canonical trivializations of TA1 and TA2/A1 given by
dx
x . This trivialization is independent of scaling by O
∗
S and can be seen easily to glue to a global trivialization
of TQ/S. 
The construction of the obstruction theory in Proposition 5.17 is standard, but in order to compare this
obstruction theory to the one from Sections 5.6.1 and 5.6.2, it will be necessary to analyze exactly how an
obstruction arises from a deformation problem (5.8):
(5.8)
S //

Rubg,a(M
log
g,n, ω
k)

S′ //
88
q
q
q
q
q
q
Mlogg,n ×M
ss
0,2.
The map S → Rubg,a(M
log
g,n, ω
k) gives a semistable logarithmic curve C over S, a semistable family of
2-marked, rational logarithmic curves Q over S, and a stable section f of ω−kC/S ⊗ Q over C. We write
Q = [Q/Gm] and α for the composition C → ω
−k
C/S ⊗Q→ Q.
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The map S′ →Mlogg,n ×M
ss
0,2 gives a semistable logarithmic curve C
′ over S′ extending C and a family of
2-marked, semistable, rational curves Q′ over S′ extending Q. Since Q′ is logarithmically smooth, there is
no local obstruction to finding an arrow C′ → ω−kC′/S′ ⊗Q
′ in diagram (5.9):
(5.9)
C //

ω−kC′/S′ ⊗Q
′

Q′

C′ //
22❡❡❡❡❡❡❡❡❡❡❡❡❡
55❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
S′.
Choices of lift form a torsor under f∗T(ω−k
C/S
⊗Q)/C , and this torsor serves as the obstruction. This proves
Proposition 5.17, but we analyze the obstruction a bit further to show it agrees with the obstruction from
Section 5.6.2.
We note now that because ω−kC/S ⊗ Q is a family of 2-marked, rational, semistable curves over S, its
logarithmic tangent bundle T(ω−k
C/S
⊗Q)/C is canonically trivial. Therefore the obstruction complex here is
canonically isomorphic to Rπ∗OC . In order to compare this obstruction theory to the one from Sections 5.6.1
and 5.6.2, we will need to show that the map
Rπ∗f
∗TQ[1] ≃ Rπ∗OC [1]→ R
1π∗OC
carries the obstruction constructed here to the one constructed in Section 5.6.2.
Let us writeQ′ for the unique extension ofQ to S′. Set R = Q×QC and R
′ = Q′×Q′ C
′. There is a unique
lift α′ : C′ → Q′ as in diagram (5.9), because Q′ is logarithmically e´tale over S′. Therefore, lifting (5.9) is
equivalent to finding a section of ω−kC′/S′ ⊗R
′ over C′ extending a given section of ω−kC/S ⊗R. Moreover, such
an extension exists locally, and the choices of this extension form a torsor under f∗T(ω−k
C/S
⊗R)/C .
As Q′ is a Gm-torsor over Q, it follows that R
′ is a Gm-torsor over C
′. In fact, by Proposition 4.4, we
know that R′ = O∗C′(α
′). The map C → ω−kC/S ⊗Q trivializes ω
−k
C/S ⊗R over C. The torsor of extensions of
a trivialization of ω−kC/S ⊗R is precisely the class of the deformation ω
−k
C/S(α
′) of ω−kC/S(α).
This completes the proof of Theorem 5.15.
5.6.4. Deforming the logarithmic structure. Graber and Vakil do not work in the logarithmic category, and
the map (5.7) is not strict. Therefore the first obstruction to lifting a diagram (5.8) of schemes is to promote
it to a diagram in the category of logarithmic schemes, in which S → S′ is strict and S has the logarithmic
structure pulled back from Rubg,a.
Remark 5.18. We will see that the space of promotions alluded to above is a birational modification of
the base. Since we know that the fundamental class should pull back to the fundamental class under a
birational modification, we don’t actually need an obstruction theory for this map. The theory of logarithmic
obstruction theories and virtual fundamental classes formalizes this.
Remark 5.19. It is possible to combine the obstruction theory presented in this section with the logarithmic
obstruction theory in Section 5.6.3 and recognize them as filtered pieces of a 1-step obstruction theory.
However, it seems difficult to describe the obstruction in a natural way, owing to the very different sources of
the two types of obstructions (one being local to S and the other being local to C). Li dealt with a related
issue in his moduli space of stable maps to expanded targets [Li01, Li02] (see also [CMW12]).
One advantage of working with logarithmic obstruction theories is that they frequently allow us to bypass
such issues.
To emphasize that this problem is purely about deforming logarithmic strctures, consider the factoriza-
tion (5.10) of (5.7):
(5.10) Rubg,a(M
log
g,n, ω
k)→ Rubg,n × BGm → Rubg,n ×T × BGm ≃M
log
g,n ×M
ss
0,2.
The first map sends an α : C → Q such that OC(α) differs from ω
k
C by a line bundle pulled back from the
base to α : C → Q and the line bundle that pulls back to ω−kC (α). The second map is logarithmically e´tale,
so our logarithmic obstruction theories over Mlogg,n ×M
ss
0,2 are also obstruction theories over Rubg,n×BGm.
We will describe a schematic obstruction theory for the second map.
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Consider a schematic lifting problem (5.11), in which S′ is a square-zero extension of S:
(5.11)
S //

Rubg,a × BGm //

Rubg,a

S′ //
88
♣
♣
♣
♣
♣
♣
33❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣
❣ Mg,n ×T × BGm //Mg,n ×T .
As usual, underlines denote underlying algebraic stacks. It is equivalent to produce either dashed arrow, so
we focus on the outer rectangle.
We write MS for the logarithmic structure of S pulled back from Rubg,a, and MS′ for the logarithmic
structure of S′ pulled back fromMlogg,n×T . If the dashed arrow exists, it gives a second logarithmic structure
M ′S′ on S
′ and a factorization
(5.12) (S,MS)→ (S
′,M ′S′)→ (S
′,MS′)
in which the first arrow is strict. Conversely, any such factorization gives a lift of (5.11) because Rubg,a →
Mlogg,n ×T is logarithmically e´tale.
Thus, lifting (5.11) is equivalent to finding a factorization (5.12). Working locally in S, we describe an
obstruction complex controlling these lifts. We may assume, without loss of generality, that S has a geometric
point such that the maps
Γ(S,MS)→MS,s
Γ(S′,MS′)→MS′,s
are both bijections.
Let fs : Cs → Qs be the tropicalization of the map fs : Cs → Qs (see [CCUW17, Section 7]). The
structure of the monoids MS,s and MS′,s can be read off from fs. The monoid MS,s is freely generated by
the lengths δ(e) as e ranges among the edges of Cs and Qs. The monoid MS′,s is the quotient of MS,s in
which kδ(e) is identified with δ(e′) if e is an edge of Cs that maps to an edge e
′ of Qs with expansion factor
k.
The monoid of relations onMS′,s definingMS,s is freely generated by the relations kδ(e) ∼ δ(e
′), described
above. To build M ′S′ , we must therefore choose an identification OS′(kδ(e)) ≃ OS′(δ(e
′)) for each of these
relations, extending the identity OS(kδ(e)) = OS(δ(e
′)). The choices for this identification are a torsor
under OS .
Once isomorphisms ϕe : OS′(kδ(e)) → OS′(e
′) have been chosen, we have an obstruction, coming from
the need for the maps
εkδ(e) : OS′ → OS′(kδ(e))
εδ(e′) : OS′ → OS′(δ(e
′))
to agree, namely the difference εδ(e′) −ϕeεkδ(e). Since this map already agrees over S, it can be regarded as
a map
OS → OS(δ(e
′)).
We therefore obtain an obstruction complex. This is summarized by the following proposition.
Proposition 5.20. The map Rubg,n →M
log
g,n ×T has a schematic relative obstruction complex
∏
e→e′
OS →
∏
e→e′
OS(δ(e
′))
where the products are taken over edges of Cs mapping to edges of Qs and the second product is taken over
edges of Qs. The differential sends ϕe in the e → e
′ factor to εδ(e′) − ϕeεkδ(e) in the same factor of the
target.
5.6.5. Comparison to Graber and Vakil’s obstruction theory. For simplicity, we will work onRubg,n(M
log
g,n,O),
which is the same generality considered by Graber and Vakil [GV05]. By Proposition 5.14, we can iden-
tify Rubg,n(M
log
g,n,O) with the space of stable (logarithmic) maps from logarithmic curves C to 2-marked,
semistable, rational curves Q.
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Given such a map f : C → Q, Graber and Vakil define a sheaf f †TQ(logD) as the quotient of f
∗TQ(logD)
by its torsion subsheaf (where D is the divisor at 0 and∞ of Q and TQ is the tangent sheaf of the underlying
scheme of Q).
Proposition 5.21. There is an exact sequence
(5.13) 0→ f∗TQ → f
†TQ →
∏
e→e′
Oe → 0
where the product is taken over the nodes e of C that are carried by f to nodes of Q.
Proof. Away from the nodes of C that map to nodes of Q, the map f∗TQ → f
†TQ is an isomorphism, so we
work in a neighborhood of such a node e with image e′. Let x and y be parameters for the branches of Q at
e′ and let u and v be coordinates of C at the branches of e. After exchanging u and v if necessary, x maps
to uk and y maps to vk.
We can identify TQ as the set of derivations from OQ into itself. It is generated by δx and δy where
δx(dx) = x δy(dx) = 0
δx(dy) = 0 δy(dy) = y
with the relations yδx = xδy = 0. Then f
†TQ is generated by δx and δy over OC , with the relations
vδx = uδy = 0.
Now, TQ is freely generated by δlog x, where δlog x(d log x) = 1 (and δlog x(d log y) = −1). We note that
δlog x(dx) = x and δlog x(dy) = −y so the map TQ → TQ sends δlog x to δx − δy.
As unδx = u
n(δx + δy) and v
nδy = v
n(δx + δy) in f
†TQ, it follows that f
†TQ/f
∗TQ is a skyscraper sheaf
supported at e and spanned by δx = −δy. On the other hand, x is well-defined up to multiplication by a
unit, and we argue that δx mod f
∗TQ is independent of this ambiguity.
Indeed, suppose that λx is another local parameter for the same component as is x. We have
(δλx − δx)(dx) = λxδλx(λ
−1)
(δλx − δx)(dy) = 0.
There is a unique logarithmic derivation γ such that γ(d log x) = λδλx(λ
−1). Then
γ(dx) = xγ(d log x) = λxδλx(λ
−1)
γ(dy) = −yγ(d logx) = λyδλx(λ
−1) = 0,
with the last equality because δλx(λ
−1) is a multiple of x. Therefore δλx − δx is in f
∗TQ and the image of
δx in f
†TQ is a canonical generator. 
In [GV05, p. 10, Equation (2)], Graber and Vakil find a primary obstruction to deforming C → Q in
H0
(
C, f−1Ext1(ΩQ(logD),OQ)
)
,
which is the product of the deformation spaces of the nodes e′ of Q, and therefore coincides with the second
term of the obstruction complex in Proposition 5.20. There is a secondary obstruction in
H1(C, f †TQ),
which is the image of the obstruction space H1(C, f∗TQ) = H
1(C,OC) from Proposition 5.17. When these
obstructions vanish, the deformations are a torsor under
H0(C, f †TQ),
which we recognize as an extension of the first term of the obstruction complex in Proposition 5.20 by the
first term of the obstruction complex of Proposition 5.17. This completes our comparison to Graber and
Vakil’s construction, and the proof of Theorem C.
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